MATHEMATISCH CENTRUM,
2de Boerhaavestir. 49,

Scriptum 5

SOM® THEOREMS ON DIOPHANTINE INEQUALITIES
par
J.F. Koksma.



1. Introduction
1. Tet m and n denote positive integers. Let
Q denote the m-dimensional parallelepiped

(1) Oﬁéx/A(b,& (/,L:’i,z,...'.,m),-

WheTe Gypees 3Oy Dyye-e by are integers and let P

denote the n-dimensional parallelepiped

(2) NI RSV (y__ lyenars )

where (Kygeee sy Bryeses/By, BTC real numbers satis-
fying

(DI Xy < By € Kyt (¥t 2puecent)s
whereas the brackets mean that an arbitrary one
of the 2" different ways in which the signs "="
can be placed has been fixed.

Further let 5'(x),...,§'(x) denote n real
functions which have been deflned for all lattice
points (x) = (X, e+« %) of Q.

This paper désals with the solutions (X)t Q
of the simultaneous dlophantlne 1nequa11t1es

(4) %,,(y)( < By (mod 1) (Y2121,
i.e. with the lattice points (x) € Q to which

a lattice poimt (¥, y--.s¥n) correspords such that
(5) Oxv(-){" (X) - yv(..)ﬂy (.))=1,2‘,....,n>.;

its purpose is to deduce an estimate for the
number N,(Q) of those solutions.
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In vicew of fleyl's well known definition ef

uniform distribution modulo 1, we are especially
interested in the expression

(6) Re Q)= Np(S)- N@/7 (8, -y,

where N(Q) denotes the number: of lattice points
(x)€ Q. The number Rp(Q) is called the remainder
in the uniform distribution of the system (F50eeeyfn)
(with respect to P).and the upper bound of

|Rp(Q)) R

BECOERE

if P runs through the set of all possible parallepi-
peds (2) which satisfy (3) is called the discrepancy
in the uniform distribution of the system (£ 5eeesfn)e
The discrepancy will be denoted here by D(Q) 1 .

If in stead of one parallelepiped Q, one con-
siders a sequence S of such parallelepipeds:

Q1’Q2”"

and if to each Qe S a system Py Oy ee sy Braeessfan
satisfying (2) and a system %;,...,Fn correspond, the
problem arises to study the order of magnitude of
EP(Q)( » 8s Q runs through S. It is to be remarked
that the couple of numbers m,n need not be the same
for two different parallelepipeds Q< S.

In the case that n is a fixed integer, indepen-
dent of Q, the system (fiy000,F,) is called uniformly
distributed modulo 1, if.for each -fixed pérallelefi—
ped P, we have



Rp(Q)
N{Q
Tt follows from some considerations of We i%

-0, as Q runs through S

that this happens, if and only if
D(Q) ~>0, as Q runs through S.

5. Some twenty-five years ago, J.G. van der
Corput proved the following theorem 1%, which he
applied to several problems in the theory of
diophantine inequalities. Neither the proof of
theorem 1%, nor the applications were published
by him then, as it was his intention to publish
them in the third part of a long memoir on
diophantine inequalities, which was to appear
in the Acta Mathematica. The first part of this
memoir 3) contains an exhaustive study of Weyl 's
criterion in the theory of uniform distribution
modulo 1 and its applications . Whereas the
theorems of that part are "gqualitative", it was
van der Corput's intention that the theorems ef
the third part ("Estimations"), would beer a

quantitative characters Theorem 1% can be con-
sidered as a more dimensional and quantitative
form of the named criterion. The first part and
the first half of the second part (dedicated to
the theory of "rhythmic functions®) of the named
memoir anpecared in the Acta Math. 56 and 59?)but
the publication of the other parts was delayed
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by several circuastanses. Z\Tevef?the];'ess Theorem 17
has._been §u.oted and applied several times by other

5

authors 5

Theorem 1. Tet S denote a sequence of parallele-

pipeda Q defined by (1), where a, and b/w are inte-

gers. To _each Q may correspond an integer n, fur-

ther 2n numbers &, 3, , satisfying (3) and n real
functions f (x), defined for each lattice point

(x) = (x.,...,x } € Q. For each QéS we p ut

= e 41.;.' L v\ C e . 1 i ' I}
(7) 7T« Gic) = /\ t ;‘;::,. P LR b \/1 .
LN 5] i ‘\'j(('-i) " ’
ozl l (v\,(bj
where - is ‘to be extended over all lattice D01nts
\n‘ N , .
(8) \l'.."Kln R ‘Z__,._;T'_-’\'}_____E{:'v/}
Wthh satlsil
1o R i) [;
(9) 1"},%:‘ /3“”"—'“" 09 “-?:—‘:x. V= iy
g H ,.AL:—L V PRV “y

Assume that for each fixed value of c> 0

(1(2) T(Q;c)->0, if Q runs through S.

Then we have

[N \,\
RS
J,,__\ > j

(11) ~A° s -—» %, if Q runs through S
Jr U8y - Gy Nl —
V=1

if N(Q) denotes the number of lattice points (x)¢ Q
and if N}\(Q) denotes the number of solutions of the

diophantine system

(12) o(,,;:}ﬁ,zx)(;::)_ls, (mod 1) (v=1,2,...,n)
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3. In many applications of theorem 1%, the
logarithm in the right-hand member of (9) is amoy-
ing. Therefore about 1926 van der Corput posed =

the question to replace (9) by a weaker condition

hfg i orlis -ERESER (=)
n0th of us made several attempts, which did not
succeed. About fifteen years ago, We pqsed the
question in a somewhat other direction'and tried'
to replace theorem 1™ by another theorem which
would enable us to eliminate the named logarithm
in all important applications. Such a theorem we
proved about 1935, but it was not before 1939 that
we decided to publish our proof (apart from

van .der Corput's paper in the Acta.Mathematica)
in the Compositio Mathematica. The correction of
the proofsheets was finished in 1940, but then

by war and occupation, the Compositio Mathematica
ceased to appear. After the deliberation the

printing proved to have gone lost. Our paper
contained a theorem, which not only permitted
to eliminate the logarithm in the wanted cases,
but also gave an estimate for the remainder
RP(Q) and the discrepancy D(Q)

(1), where &, and b ‘are integers (=1,
Zye o gM)e Let(xv,/gv,yky denote 3n real numbers,




such that

P e . >z Yo
R B D Y R R V- L2, ... 00

and let the n real functions ?v(x) (»=1,2,...,n)
be defined for all lattice points (x)€ Q. Iet N(Q)
denote the number of lattice points (x)€ Q and

N*(q) the number of those among them, for which

the simultaneous inequalities

C"w_ T (X)L"" (..modi} (‘v’:‘.,z,....,n}'
hold. Put for K>O0

= i = anifinfgr s
T(Q) =-TK(Q) 7 F’ , }... n!N'y( 5&3 Ul(‘ bk "’ )1
m’ l

(h) ' (.X) €@ |

——— %

where ;7’ is to be extended over all lattice points

(h)' \h\/:\“’,-.li,n)#l’f'.,o)
which satisfy

(13) §h},;§ 2500 A,, oo(e:\,; logiogle ,\v)) (V= T2eeeni )

whereas has been put -

= /3 .. T
(14a) "Oh,,,v By -Ky .-* o » Ion, =0,
L) Pr,,v= Min By - Oy F {— ! i:!é‘ \),31’ “g‘ihv"é Zf\v:
[ . “’\,l//\y y “’):[ & . \
(14c) ; hv,)):: ﬁ_‘ﬁ;‘ ¢ 25log*® ln,/. E if hls 2 A,

Then there _exists a numerlcal constant K, such that

(15) ,N () - N{Q) /7(/3,,_\/\ 3<

\{// \/3 y =Xy \ ]7(5))’"0‘))} G/"'TK(Q)N\’:’Z:'



Morcover we proved that it is sufficient to put
. PR : \ -1
K=o+4 | €%z “ }

N .
sy N /

<las

th

but it is obvious that it is of very little use
to carry out calculations of K. In my "D:LOphan-
tische Approximationen" (1936) 6) 1 quoted the
special case n=1 of theorem 2* with an outline

of the proof and with some applications. Our proof
was based on the following idea: If ©(Z) denotes
the characteristic function of the segment

O’k 'y ;_(_) /3 and if this function is extended
periodically with a period 1 over the real axis,

we have Ny \.\_?. .n‘ \
N *:-‘;T )

R
AN

\«’

e ]
Now &(Z) is approximated by two functions €(Z)
and ©,(z) which are infinitely often derivable
and such that '

6‘(.-\‘

LA

9, .

Then, expinding <3, and €, in their Fourier-
series', one can deduce the.theorem. Our proof
of the full theorem 2% (m 21, n 2= 1) went on
the same line and was quite complicated.

Theorem 2% also has been guoted and applied by
by A. Drewes in his thesis 7 .
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8)

theorem, which is very similar to theorem 2* in the

4. In 1949, Zrdds and Turdn published a

special case m = n = 1.

Theggg;n;g:. If 'bhé rcal function -‘?:'(x) is defined

for x = 1,2,e¢.,N and if
N

i "w‘; =2 h%(r‘i

:/i"»“- " r\
(N e e2,. M
ix\_ J

where M denotes an integer > 1, then for all real

||/’\

> {
N

-~

®, &, satisfying

O AR,
we have . ; Mo 3
* VN N R ASV
{3 vorii i K
!N ~(8-0IN[<Clpg + 7 )
A n=" /

where N denotes the number of integer solutionsx in

£ x £ N af the inequality
X< + < 8 \ﬂ"\).}’\ )

It is clear that, if one renounces from the advan-
tage of defining jl:he number £ =P, . by (14b) i.e.
by Min (-0 + '7, r), put‘blng o, = % , thecorem 3
is sharper than the correspondlng special case
m=n=1 of theorem 2%, In their proof of theorem
*, Erdds and Turin don't use the functions €, and
€,, but they use "Dunham-Jackson"-means of the
Fourier series far the discontinuous function. O (u)

itself.

5. Applying the "Dunham-Jackson"-means, I now
prove the following general theorem 2, which con-



siders the more dimensional case m21, n2l and
ahich obviously is an improvement of theorem 2%.

I further prove, that theorem 2 contains as a
special case the following theorem 1, ‘which is

an improvement of thcorem 1%, as (9) has been
replaced by (9a). Further I prove that thecorem

9 contains as a special case"the :Eoilowing theo-
rem 3, whiqh vaiously is a refinement of theorem
3% O

The orem 1. Let S denote a seguence of parallelepi-

—_—=m==

peds Q defined by (1), where a, and b,, are integers.

M.——-
To each Q may correspond an integer n, further 2n

numbers &, /3y » which satisfy (3) and n real
functions ;V(x) defined for each lattice point.
(x) = (X4--+2%p) € Q. For each QeS let T(Qsc)
be defined by (7), where (ZM' is to be extended
over all lattice points (8) which satisfy

(9a)  |hy| s C%lvo?mz:w (V= 1,2peeeeems ) -

Assume that for each fixed value of c¢>0 the rela-
tion (10) holds, if Q runs through S. Then we have
(11), where NP(Q) denotes the number of solutions

(x) € Q ¢f the diophantine system (12).

Theorem 2. Let Q denote an m-dimensional parallele
piped (1), where 'a/uand b,u. are integers. Let
Kygosss®pn o fBare*°1/n denote 2 n real numbers
which satisfy (3) and let the n real functions
£,(x),.- -, Fafx) be dofined for all 1attice points
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(x)e Q. Let Ajye..,A, denote n positive numbers
2 1 and let be put M, = )\ylog(e Min(n, )\,,)) '
(v=1,2,...,n),

(17) Q) = Z*

(h)

wherc N(Q) denotcs the number of lattice points
(x) e @, whereas Z* has to be extended over all

Ch)

n

- 2w (h, G0+ 4 hpfr) P
R)eQ . w1 e

_1
NQ

lattice Qoints

(h) = (Byyeeeyhy) £ (0)en.,0)

for which
(18) lhvl = Mv Y

whereas has becen put

- 73 . : 5} 75 .30
Po,v —/3),_.0(), + A,. 2 Ph,,\i = Mm(/i,_«,ﬁ —Xv71-(ﬂv-“v)+-xy’ m;l)
(h,-#o,yﬂ,z, ...... i) .
Then the number N™(Q) of solutions of the diophan—

tine system ‘
(19) cx,é)fv S By (mod1)  (v=1,2,..... v n)

satisfies the inecuality
(O LG I QTN

INTQ-NQ)TTB,-24)
Theorem 3. If the real function f (x) is defined for

(20) *

X = 1,24004,N and if

N .
hf
7:2—'_1 eznl OQ_S_ \P(h) (h=1,2, ..... ,M)"‘ o
where M denetes an integer 2 1, then fer all real




Tl
xXy/3, satisfying O<LB-K%1,
we have

' M
IN“_(a-d N| = 2%+ 2 p (1)

§ 2. Some Lemma's.

Temma 1. Let r and )\ be positive integers and put

mrr)\‘t
(21) R =R(rA) _] (st 2 et
Then
}\27‘_1
(22) . R>57F -
2N ’ sinfTAt d
- 2A sinTAt
Proof.R—2/> (m\)n)\’c
[}
N1 7.7%} . 22{ s W2\ 4
[} 4 ‘Q
S 28 [T irydu= 2 BS540
T 77 Nr
[e] VF—

Q

Lemma 2. Let M and T be positive integers, putb
A=A(M,r)=[H]+1

and let R = R(r,A) be defined by (21). Let &

denote a number sa‘tlsf;zlgg o0 ¥y = 1. Then the
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function
(23) e@)=eMnr¥2)= / (sfﬁf "t

which is defined for all real Z 4 satisfies the

following relations
- sin n)\(’c-z) .
(24 ) (6)(2) / ( snnn(t-z) dt !

2 o4/

(26) OC£Q@L1 ;5 e+)=¢2);

(27)  ©@)= po+2 o

h;eo

(28) Pe=90»

whereas also the numbers P, for h#0 don't depend
on z and satisfy the inequalities

(29)  lplss ;g -7 ; Palg7m  (h#0)-

Proof. The formula (24) is trivial by the substi-
tution t = u -z in the integral (23).

In order to prove (25) we only need to remark
that the integrand in (23) is an even function of
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t . Furthor we remark that we can write by @1)
At-2) ), sinzAt-2)
(30) R / (‘“Z‘lﬁn(u)) dt / (s:nn(t-z)) dt,

as the integrand is periodic with period 1.
Thercfore the first half of (26) is an immediate
consequence of (74). The second half of (26)
follows from (24) at once as the 1ntegrand of
(24) is a periodic function ef Z with period 1.

Wwe now shall prove (27). It is well known,
that for all p031t1ve integers A

(émi_i@).) A+ 22@ h)cos 2rhy

sin(-2ny)

(the empty sum for A 1 denoting O).
Hence the integrand of (23) is a ‘trlgonome-
tric polynomiel in the variable 2wy of an or-

<Q-)r s [—P,-/.l-]rgM.

Integrating, we find that ¢ (M, r ,¥ ,z) is a

polynomial of order £ M too, say

der

(31) e@=P,* %(ahcosznhubhsmznhz) P+2 b.e 2”th,
bt

h=-M
hzo

where
(32) 2ph=ah_ibh (h>0) » l0_h=0th+ibg (h>’o) 5

b, , ph don't depend onz.

whereas a1 by



We now f£ind from '('M) by (24)
AG-2)V
A / ‘P(Z) dz / (s;;r; n(t-z) dt .

SinTAt-2) Uy
/ / (smn(t Z) J dJc__ 4
because of (30).
By ¥31) and (26) we further find for h = 1

1 1
Q, = O/Cp(z)cos 2rhzdz = (cos 2rhg ygg(z)dz

= pocos'znhg
(0 £8 = 1) and therefore  |ayley-
Similarly we find lbh\f_‘(y and thus by (32)
Pulsd heo.

Further we conclude from (31) and (24) for h =1
because of (30)

a.= /@(Z)COSZthdz = - s
_ /cosznhzd/ _[gﬂ\ft_z_)_
- s:nn(t-z)

/ cosanhz 4, / G;T:#g-zz)) T / cos2ihz dz'{ s:sr:gg((:ct:zz))




i

1 / dz SN ’\77)\ t-z
AA&-2
/ cos 2mhzdz {cos2m h‘?){ / sinft-z

6]
S\ﬂn)\(t-s)
sy % [ R
= _(1-5’)cosznh\§1
(029 < 1). Hence
lapigr =& -
Similarly we find [b,| £ 1 -& and thus by (32)

Now we shall prove the last part of (29).
Using (23) we write for h 2 1

1
Qp= /(Q(Z)cos omrhzdz =
Q

1

‘"“é‘ln—’h/%%sj‘n othzdz =
(o]

1 . or
1 sin wA (& =Z )\ (sinmAzY (..
ZHOR / {( sinm -z> ,sirmZ) }5'"2""""1
(e}

Hence by (30)

1

Similarly we have |bp| < ‘B’ and thus by (32)

lphl = Tflihl (h £ 0) . Q.e.é.
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Iemma 3. DLet if and r be positive integers, put
A=A (M,r) = [lﬂl 1 and let R = R(r,A) be
defined by (21). Let ) denote a number with
0< o< 1and let ¢{z) =@ (I, r,§32z) be defined
as in Lemmg 2. Then we have

33 21 - =3 L :
(33) ‘Q(Z)- 21 JEVes { (Az) 21 M (’\.@”'Z)) 2r-1}
on 0<Z<¥
2 1 1
.34 s
(34)  @(2)< 4rV?{ (A@-5) =T ¥ Q\@-z)) 2r—l}
on ¥<z<1.

Proof. First we suppose that 0<z<¥ and we shall
prove (33). By (23) and (21) we have

& LA ar
a5 et -} [

e &

1-Z 1-Z
=1 _ 1
i/ &/
Zz 7 ¥-z
-1-3 /7
"R
J-z
Now

1z 3
6a) /[ =/2 +/ ity -z
b2 Jpz A ’

[7AN
IN
-t

'
N

Noj=
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—
W
o
oy
~—
\-‘
N
N
[N
P
Hh
T
N
FAS
-

%
(36¢) / / , if 1<¥-Z-

Z
We now shall distinguish two cases.
A) Assume that J—Zé—-z- . Then by

(37) sinmt 2 -%— 7t (O_é'té-}—_)
Weget

/ s:LnTI’)\'t) dt< 112)\ 27‘-2R/ (smﬂ)d: n)\d't

sin nt
¥-2

r.1 cinu\2°
2 / ( mu du
TAE-2)

- % / (ern’;ff)”dt

the integrand being symmetric on 0<t<1; hence



(A a4 2_ 1
. (‘) 2R 2121 (TAz ) =™ <4"VF ()2 by (22).

As at least one of the cases (36a), (36b), (36c)
occurs, .(33) follows immediately from (35) and the
results of A) and B). Q.e.d.

We now shall prove (34) and therefore assume
that d<z<1 . By (25) we have

(38) @@)=% / (SR o

Now

L z
z 2
(37a) /:/ +/ , if z.¥g1<z;
z.¥ 2_6'1 1
z a
(391b) / é/a > if _z<12;
8 2y
(39¢). [z /" ir 1
3 ‘{3{[ , if 1<z.%.
2

We again distinguish two cases.
A) Assume that z -arg._% . Then by (37)



2 1
<4r\/F {/\(2._5) }27‘_1 by (22) .
B) Assume that 5 <7 . Then we have by (37)
sinmAt _ inmAt
d//<\31nn1 ex = d//l(? 51nnt> o
v 7~ cinmAt r
_<__(_712A)’ R / (Somt) At
17/\
AV 1 sint) du 17)\ 2 1/
“( ) G- z)( ) <( TAG- z)
e 4 2_ 1
:(E-)‘—) :—}—2 2-—;3 {—x“‘” 6z }2r.1 < e I {———]1_2 2r_1. o

As at least one of the cases (39a), (39b),
(39c) occurs, (34) follows immediately from (37)

and the resul‘bs of A) and B). Q.e.d.
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Remark, In the following part of this § we often
shall consider an integer n 2 1 and n vositive
numbers 9;, J, se++5Jn » an n-tuple of positive
integers Myyeeey My and an n-tuple of positive in-

tegers Ti9ee-5T, whereas will be put M,=[%@%+w¢
In this case we shall put g

40) ¢ (z) = ¢ (1,7, 5 9;,2),

where ¢ is the function of Lemma 2 .
Further we put

(41) @\(21,...,2,.,) =]7-(ev(zv)'
v=1

Then we find by Temma 2

(42) 0xP(z,e.t,z,) <

1A
-

and

43) P (z,...,2)

5 +2*p'.....p' e:ni(hz,-r...i-h"z'g

(h) h,,1 hysn

. where %g* is to be extended over all lattice
points (h) = (h,,...,h,) (0y...,0) satisfy-
ing

(44) lhy,§M» (v= 1,2,..04n),



=21~

whereas thef.r)'l satisfy the relations
psY

@a) B =9 » i hy=0,
agq . . Y, . ; i
wsw) (B Jeul8 lenn IR leqi s i o

Finally, if £,{x),...,f,(x) denote real functions,
which have been defined for all lattice points
(x)e Q , where Q denotes a parallelepiped (1),
we shall write

(L*6) S(h) = 2 e27Ti(h1f1 +ooo+hnfn)’
Ve

(n) denoting a lattice point.

Lemma 4. Assumptions.

1. Let n,M,,...,M, denote positive integers, put

Pr= Min(n, M, );r, = Max(4, 2log/>y ) Ay = F—:{,+ 1
' (V = 1,2500.,n) .
2. Let Q denote a parallelepiped (1), ﬂhg_g_r_'e;a/fb“
(M=1,2,...,m) gre integers, let

f,(x),..,£,(x) denote n real functions,
which are defined for all lattice points
(x) = (X;3e009%y) € Q. The number of
lattice points (x) € @ be denoted by N(Q).




D0
3. Let P denote a parallelepiped

KySZy 2K+ 0, Qeuz,mgo,

where oyeee 0y 6, 400,68, denote 2n real numbers,
such that

088, €1 (Va1.2,0m0).

Let NP(Q) denote the number of solutions (x)e @
of the system

(‘i?) 0(y§'Fy S oy+ 6y (mOd 1) ())z 1,2,..... )n) .

Then for any given number K 2 1 we have the inequa-
lity

(470) N <€4K{1 HRINQ+ 2, q,.,.,nlsw)’},

where S(h) is defined by (46) and where S*is to be
extended over all lattice points (h)

(h)=(hys.--.- »hn)# (0, ,0)

with (44), whereas has been put

(48q) q, ,=6+¥8 , i hyo,

v,v ¥

(48b) q'hva 3 Mm(é +2K+1 > 1. (sv'f' Z—KAJ'—: ’Iﬂ%;[) ,if hy¢0 .

£roof. For ¥ = 1,2,...,n we define a function ¢,(2,)

—_——=Te=

of the real variable z, as follows:



A) TE- 6 <1—-2XI§'-., we put
(Z)~(€(M I‘v,(S“l‘T,Z )y

where @ (z) is the function defined in Iemma 2
and M,,T,, d,, Ay, K denote the numbers which have
been introduced in Lemma 4,

B) If 6,21 - %, we put
@v( r ) = 1 for all values of Z,.

We now remark that in both cases:
My

J th,z
zY=D > ] 2Ny Zy
(év( v) po’v+ hy_.:_Mv phv,\) e .
with hy#o
' K
(49a) 0£p,, = Syt 3

(49 b) lg'thgMin(cs,Jf%\'iv 11-8y > 22 (h,#0) -

In fact: in the case A) this assertion follows
immediately from Lemma 2; in the case B) we put

By=11 p,, =0 (hy#0)

then (U9a) amd (49b) are tr:Lv:Lal.

We now define (P qD (21,...,Zn) by (41),
hence

muZ hyZy

(50)¢(Z1 geeesZ ]7-&\' (h) h1>1 R‘m" 2

where = is to be extended over all lattice
h)



-2 =

po]_n’ts (h) ‘_1 ,...,1’1)) :/:_ (O,.-.,O) fOI‘ "-Jhicl‘l (L’L‘)
holds.
We now consider the ”Spec:Lc,l parallelepiped P*:

)\v< z,< 6, +-)-\—i, o (v=1,2,,0).

If (z4,...,2,) belongs to P* we have for each y for
which our case A) occurs the inequality

4_ -2y 1
€y(2))> 1 mE K Gt
by Lemma 3 and the definition of (p(z ).

But in the case B) this inequality also holds be-
cause of @y(z ) = 1. Hence

VO EE ) S B0, )

0EQR

Now for O< U < %we have
-1
(1-u) < 1 +2u

and therefore we find, (as r,z 4)

4% g7
We now distinguish two cases with respect toy .




I. Assume that r, = 108 M,. Then
My 8 2% ok
)\v: vl T1 >4 and
i
w, = 1+ <1l +
” WK 4RN,

because of ¥, 2 4.

Hence we have in this case afortiori

w, £ Min(1 + ;‘:5 C1 o+ ég—-).
¥ - v

17 Assume that Y, = I-Iax(4,2log n).
We distinguish two subcases.

IIa) Tet 1 4ng 16. Then Iy=4 and
1 1
w,=1 + <
’ 64K 4nk?

ITh) Let n > 16. Then ¥, = 21og n and

- 4 y 1
w,= 1+ D .
Y n2K7 4nl\7

Hence in both cases I) and II) ‘we have
estimating roughly :

n n
n
i 3 4 i
Nw <1+———) [ Min(1+ 35 51+ 5 )

Therefore we have by (51)

NG (@2 e“—'a@ Minf+ ikl )2 AN

4K/ eQ
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and therefore, because of (5C)

Aoin
N;*(Q)ée“”{ﬁ(  Poy
V=1

oy’ 4K,
n | .
¢ %ﬁs(h)jﬂ iph;’vIMm(HﬁE, 1+4E;,\—v)} ,

hence, in view of (4.901) é.hd (49'b)”
, T n ¥*%
N;*(Q)geqw{gqo,v\»? —— qhmnlsm)l},

where S(h) is to be extended over all lattice
poimts (h)=(h,,...,h,) # (0,...,0) with (44),
whereas S (h) is defined by (46) and Gy, DY
(484) and (48b). . _

This proves our assertion (47a) in the special case
that P = P*, s o

Now Treplacing the function 'fy(x) by -?:& = f, -

- (x,- %& )s (v = 1,2,...,n), we easily see that
the point (-ﬁf,...,ﬁ: )(mod 1) lies in P¥*, if

and only if (£ ,...,f£ ) (mod 1) lies in the

paral lelepiped P, which is defined in the third
assumption of our Lemma 4. Now this translation
does not inflict the value of [S(h)|and there-
fore applying our Lemma, as proved so far, with
(f7) in steal of (f,), we £ind that N.(Q),
denoting the number of solutions (x ) € Q of
(47), satisfies the inequality (47a).
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For sake of simplicity we formulate without
proof the following trivial

Lemma 5. If A1,...,An, Byyeee9By denote 2n

non-negative numbers and if PA denotes the

parallelepiped
0£Zy& Ay

and Pa,g the parallelepiped

O_<-:ZV<Av+By (V=1,2, ----- 7!1) ’

each point ( Z,ye.-yZn) € Ppyp 1lies in exactly
one of the 2" possible parallelepipeds

Cv ((g)) zv((_<":.)) Dy (V= 1,2, ..... ,n) ’
where either

C,=0, Dy=Ay,0r Cy=A,,Dy=A,+B,
(Vz1425e0ee05)
and where the double brackets mean that the

signs = have to be placed in a suitable way.
Ranging these 2" parallelepipeds in some order,
we shall denote them by Hg(‘g-t 1,2,...52")
such that P,= H,, whereas Hyn denotes the
parallelepiped

A,22,6A,+By (¥=1525e551) -

The sum of the volumes of all H.g 's is
UM+B) uﬁ@ﬂmﬂu

Y =686 [8,
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where the left hang sun_is to be extended over all
Ak

possible products d,=

A, or d,= B,.

Now we shall prove

Lemma 6. Let the assumptions 1 and 2 of Lemma 4 be

valld Let & ,...,%, denote n real numbers, such
that O£L,24 1 and let P denote the parallelepiped

0.4 (Zv<0(y+gy ’ (v= 1 2,--',n)

Then the number NP(Q) of solutions (X )e @ of of the
inequalities

ay<f, <ay+ ¥, (moa 1) (v=1,2,...,n)

satisfieé the condition
’ o no n.
(52) NP<Q)gmz..-er,,N<Q>-{g(a,+,§_§)_ga,,}N(Q)

- %*ph"1 phz,z ..... phn,nl S(h)' .,

where S(h ) is defined by (46) and where

th

is to be'extended over all lattice points
(h )= (h."...,hn) i,(,o',to-,o)

which satisfy (44), whereas has beenApﬁt

(53a) Roy=%tg  (=12mmnsn)
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(53b) th ——Mm(&’vi-—-;l Zﬁ,rx |) (hv¢o)

Proof. We first restrict ourselves to the
parallelepiped P, for which &y= 0 (V=1,2,+..,0).
We put (according to (40) and (41))

@(Ln ''''' sZn)= ”‘Q(Mvvrvs?'vszv))

where (¢ denotes the function which we have
introduced in Lemma 2, whereas the numbers My ,
ry » &y have been defined in Lemma 6. Then we

write

(s4) Z S, F0) =S+ 2,4 2,

where Z1 is to be extended over all Np (R)
solutions (x )€ Q@ ef the inequalities-

(55) o<y <y (=1i2yeeest)s

where 22 is to be extended over all solutions
(x )€ @ of the inequalities

(56) o<f, < ¥ (=1:2,-50)5

which do not satisfy (55), whereas 23 is to
be extended over all other lattice points (x)eQ.
New we have, as O g@ < 1, clearly

NPO(Q) 2245



hence by (54)

P oLt ....,’ \_._'§ - N
(57 ) NPO(Q) :EX)ZG.Q q_)(.fF; ’” -{l’!) 4.2 23
Now by (43) we heve

L)
(58) CP(Z,, """ ’Z")"‘ // (l?\.Mv’rv » >Zv) =

Vo

- f/’ X, + 2 ' P‘ ezﬁi(h,z,+ ..... +h,2,))

R (h) hn‘ hy,2 [ )

where %* is to be extended over all lattice
points

{59) (h) =(hyyeeeen ,hn);t(o,.....,o) R

which satisfy (44), whereas (45a) and (45b) hold.
Hence

(60)(x)ZEQ<I>(£(x>, ..... Fe) 2 8, 2y..... 50 N(Q) &
%* R S P: 'nlS('hN o

hyat hz,z
where % is to be extended over all lattige
points (59) which satisfy (44), where has been put

(61) P, - wph rMin(zi\,,La’,,,n—ﬁ;;]) (hy0),

whereas S(h) denotes the sum (46).
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We now shall give an estimate 10> the sun
Z,. Bvery point (2, yc+e3%n), which. lies in

the parallelepiped
(62) 0 2zZy<¥y  (¥=1,2,...,1),
but not lying in
(63) O <zv<a’v (v:: 1,2,...,1’1)
lies in at least one of the n parallelepipeds
P's '
Oé Zvéé\v (v-': 1’2’¢oo,n),
where ékz= O for exactly one value of ¥
and &, =109, otherwise.

Applying Lemma 4 with K = 1 and
Xy=XKg = o0 = Xpn= 0, we find,that the
number WI,(Q)‘for each such a parallele—
piped P' satisfies the 1nequa11ty (47a).

Summing over all P’ we find that the
number of terms of the sum =gis

< 2N@) g 7 (8,+ 7"(;) +2 %*IS'(h)l % ST

Using the idea of lemma 3 one easily sees

that this expression is

g%N(Q){Zz(W%)*é (5”+—i7’)}

whe re



o s X _ Minfx 418 510
Go=¥u+ R, r A, =Mm(Er 15 5

(hvf°>7

whereas the numbers. g, , are defined by (48a)
and (48b) with &y=3y ( » = 1,2,...,n).
As each term in Z,is 2 0 and £ 1, we thus

,,,,,

+3 27 (P Phasn = Phoyt P )l SO

where [0, . has been defined by (53a) and
(53b) and p)p_ , by (61).
Finally we shall deduce an estimate feor
Z3. Bach point (2,,...,2p) which lies in
the unit cube 0 Z, <1 (vy=1,2,...1n),
but does not ly in the parallelepiped (62), be-
longs toexactly one of the 2 =T parallele-
pipeds H,,H;,..¢,Hsn,



/hich we have defined in Lemma 5, putiing whcre
Av:Jy’ By:"—b‘v.
‘ake a fixed such a parallelepiped H% (225 ¢ 2%),
riven by the inequalities
C(:;)_g_ z, < D(f) V=12, 0mns 1)

ind et sl = My, My geeey Mg denote the values of
-he index ¥ for which

() @ o
C%=0,Dv=bv,

vhereas 6 = 0, ,6, yo..,0, s may denote the values
of ¥ for which

C(?: 5y D(%): 1

Then we have

S 1.

G, NS

(1Y

{37

Now we cover H% by parallelepipeds

. Hg(k): H%’“‘& 4 kﬁz’-"m’ k5n-s) -
defined by '
- - ]
(65) 0274, < 3y, (=1,2,---,9) 5
2k
(66) Zf')\% Zs. <a’61+?$-k§:§_l) (j=1,25---sn-S)
j



...3[{.-

where ksj is an integer which . atis’ies

(67) 0§k6ngJ ,

Kj denoting the smallest non-negative integer
N /\5-,(1-015,) a
= 2

In the special case that for soﬁle-j we have
%ef 1-J5; , it is clear that Kj = 0. In this
case Wwe replace (66) by
(660a) b'cjé Zaj <1.
We now shall apply Lemma 4 with
P= Hg(k), where (kg ,..., k¢, ) denotes a

fixed lattice point satisfying (67).
Hence

Xy = O, ‘;ugza,ui (L=1,2,...,5),

O\6j=a’5j+3k—:j: , ‘Ssj Min(ijn_b’ﬁ.) (j=1,2,.....,n.5) .
Clearly the numbers &, (v = 1,2,...,n) satisfy the
relation 0 £ 6,g 1. They don't depend on the values
of ks- s but only on ‘g - We express this dependence
by writing 6?) in stead ef {,. Writing N(Q;Hg(k))
in stead of Np(Q), we find from Lemma 4, putting
K= 1: )
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-

69 N@;Hst)= 2] (o) 87+ 3 INQ

EPAC I qhmnlsmq ,

*
where % is to be extended over all lattice
points (569), which satisfy (44), whereas the
numbers ¢, - and S(h) has been defined in
v

Lemma. 4.
From (68) we conclude a fortiori

©89) N(Q;Hg(k)) £ By

where has been put

with

T(f) Z{/-'[ GJ-‘:Q,“"':S))

_2 (j=1,2,.....,n-s),
QG:’

As;

(%) ) o Y.
q %l M ’ qhﬁ-'- wu-\— Mm@# i+%l*i’1—x’1{’)‘/‘i, 'h}-lﬂ)

0,14
(h/u.;eo) (i=1525----5) »
® 5 )

Vo™ Aej > he;ss “M‘“<Aa, lhc,l)
(hj#0) ets2orotcS)-
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It is elear that both terms of = w only depend on
€ and not on the la'ttlce point \K,‘,... s ks, s) which
defines H (k) Hence BY is the same number for all
parallelepipeds Hg(k) which cover H‘;'

We now consider the value of

q)(z” ..... Zp)= Eq(M,,r,,K, sZy)

for a point (z,,...,2,) € Hs(k).
We always have

0% @(My,1,¥ya2v)2 4

and, if
1< k5J< Kj-2,

we have by Lemma 3 for V=6

1
0s (G(Mv 3Vys8y >zv)§ { 2%, +( rv-’}

A

i NP SO AP B
128 {kgj +(Kj~k6j)7}

by ry24 (cf the definition of H,%(k) by (65) and
(66).
Hence because of 6Bg) the sum

Z 0w, f00)

where =" is to be extended over the N(Q, Hg(k))
lattice points (x)¢ @ , for which (£ 5000y fn)
(mod 1) lies in H%(k), satisfies the inequality



where

ks, )=1 ,if k5j=o,crrif ke; = Kj-15 or=Kj ,
(kg tf 4 4 1 } i 15ke: <K;i-2.
J( 5J-) 128{k1j+(Kj_ksj)7 ’ =Ke;2 1
Therefore
+ ]
2 * @(ﬁ(x),:'pn(xv s

where :EQQ has to be extended over all lattice
points (x)€ @ , for which (£, y...,fy)(mod 1)
lies in H%, satisfies the inequality
(,g) " x n.s
pa @(‘Fﬂ ---- =¥n)§ (ZK)Z = Bg Z 77ﬂj(k6j) ,

@ j=1

where %§ has to be extended over all lattiee
points (k)=( k@""’kﬁns) which satisfy (67).
Kence a fortiori

ﬁg) F < x* n.s
paiat | AR P B,;JZ(% 0;(ks;)
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U31ng this result, we find from (¢$) and n-s 2 1

=03, f) 2 77 E(qv +3 )NQ)
77 =g L q® s

1779 158 P
<%//s N(Q)+;% P g mhlS(h)l

19

€ _.©
g/-‘iz r(/-*i _{ulir )‘i;u-( ((=1.2,.....,8),
€) () 3 70
‘sﬁj =14(T(61+ -)\—GJ) = -X-GJ =1,2,5..... ,H_S),
®__@® ® . @

@) %) &) (‘é)
=1
Po:ij O, )\6,} PhGJ e thj )5J
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Consequently we find

23 $ent) -2, Z 50001
2 7NQ )277‘?@)+ B Z IS(h)IZ ..... phmn .

g=2 Vst ke

In order to carry out the summation over‘g y We

use Lemma 5. Putting there
3
Av:5v+‘x‘v 9 By:‘."‘—

we find

277‘; /7(b’+ ) 77(b’+'}3\—)

gzm

and putting for a fixed lattice point (h)z(0,..,0)
with (44)

3 . .
Ay=b’)’+_)_\; 9]f hy=o 3 Av= Mln(b'v-i'-i—y,‘l_b’,*!'-)\iv, %‘)

if hyz0,
B,,:-—,lfhv_o B, Mm(m 28 " if h,zo0,

we find

) y
Z ph.,,‘\ ..... phn,n 77—th,)) ﬁ-phv’v b
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where
P ..b’,, . ph . 1m/\b’,.+73 237, —’:—\; 5 ﬁ, )
';hv?éo)’
Pl B30 Bl <M, )
(hv;eo) .

Hence, we have a fortiori

where phv\’ is defined by (53a) and (53b) whereas
Ph,,y is defined by (61).
From (64) amd (70) we deduce

08 2,4+ 2,55 N(Q){ZZ(XQ ”—;\%)_Z b’v}

(h) { ’%1 ..... R\n,n ph1,1 ..... Pl:n,n}|s(h)l

and therefore it follows from (57) and (60) that

N Q2Z 2, Z,

2%%.... XnN(Q)_{v]Z@ﬁ )_775\,} )(hz)em1 ..... RISt
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which proves (52) in the special case P=P,.
Replacing ‘Ov by 10,, - &y, we remark that this
does not inflict the right hand member of (52).
Hence the theorem follows at once for an arbi-
trary system of inequalities *y<f,<3, (mod 1)
instead of the special system (55). Q.e.d.

be valid. Let &, , ¥y ,-..,9), denote n real
numbers, such that O £ ¥, 1 and let P denote
the parallelepiped

(71) KpEZyEXytdy (V:‘I,Z, ..... ,n) .

Then the number NP(Q) of solutions (x)e@ of the
inequalities :

(72) Xy<tygxytdy (Mmod 1) P=1,2,..... ,n).

satisfies the condition

where S(h ) is defined by (46) and where %*
is to be extended over all lattice points

() =(hys-.eershpy) # (05 ee050) s

which satisfy (44), whereas has been put




(74 ) Po.y =9y + 2 (9e132,en)

(#b ) ph _Mm{b’T———,1¥+Z)2 \ (h,,¢o)

Proof. ge first restrict ourselves to the parallele-
p:LpedP for which o, =0 (v»=1,2,... ,n) We put, accor-
ding to (40) and (41) - .

(75) (1) = (-15(21, ----- azn)=iZ‘€(Mva}"v ob'v.:'zv)'a

where ¢ denotes the function which we have intro-
duced in Lemma 2, whereas the numbers M, , r, .
have been introduced by the assumptionsof Lemma
4, which hold in our case.

Now lct 2* denote a sum which is to be extended
over all lattice points ( x )€ Q for which the
system ﬂ 4o o o 7Pn satisfies the inequalities

(76 ) osf, ¥, tmod1) (=1,2,.....,1).

Then the number NP(Q) of those lattice points
-]
satisfies the following relation

NR(@ =25 1= 22 GlFramrrsfin) + 2 (1-B 6, orers)
KERN A TR AR (R AT B)

winQ



B
bscause of (42). Now from (43) =2nd (77) it
immediately follows:

where S (h) denotes the sum which is defined by
(46) and where :i* is to be extended over
(h

all lattice points (h )= (hy,...,hy) £ (0,...,0),
satisfying (44), whereas has been put

(79 ) P('),))z b’v N p;'ly,v= Min(b',,,Lb'v ’771]"@) (hy#O)

We now shall deduce an estimate for

Using the notation (40), we find from (75) and
ose,s1.

the inequality
n n ‘n
@ =y7=71-(ev =,7=71.(1'(1-(€v)); 1 —E/G_Qv) 3
Hence

(80) Z*E(L(I)(ﬂ,.....,?n )é g Z(L@,,(ﬂ,)).
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We now fix an arbitrary index6{1l £ 5 £ n) and we
denote by Ky, the smallest non-negative integer,

which is
> )\(agx’j _1 .

Further we denote by (rg(k) (k= 0,1,...,Ks) the
parallelepiped which is defined by the inequalities

(81) 0£Zy2%y  (¥=12,-0n 3 v26) ,
: 2k 2k+2
82)- Arczo T

Then B, is entirily covered by the parallelepipeds
Gg(k) (k=0,1,...,Ks ). In the case that 2 £ >36,
we have Ks=0 and we replace (82) by 0= Zg%< b’s
Thefr we shall have

Ke
(83T 7= (1_ee(fs))2 Z NQ: Galk) Max(1-¢y(2)

where the Max is tobe extended over %\E £z% Z'—}\% » and

where N (Q; G’6 (k)) denotes the number of lattice
poimts (X)€ Q for which (f,...,£,) (mod 1)
falls into CTG( k).

We now fix a value of k (02 k< Ky ) amd apply Lemma
4 with K = 1 to the parallelepiped P = Gy( k ),
putting

(84) O(,::O,'(S,:Xv (‘):1,2, ..... ,h;\’#:ﬁ),

(85) O(6=%\1‘<‘6 ) 56:Min(%ea2fs)-
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Then No(Q)=N(Q, Ge(k) ) and we find
(86) N(Q,Grs(k))s Ds >

where we have put
(87) DG=277( 4 2 )N(Q)+2® ..... a. IS,

with

©)

8
(88) { y((v):b'v (V=13250-a N3 V£6)
T’(sz.%e 2

®) . .
q’o, = av+ -X ’ qhv —M]n(X»+ %v"‘-zv‘l’%ya l—?ﬁl)
89) : (hy20) (V2152500513 V£S) 5

()] ©)
5 -
Gop= 3 > Vngse =M (e ) (ho#0)

whereas S(h) is definedby(46).

Obviously Dg does not depend onk . Thus for
fixed 6 the number Dg is the same for all
parallelepipeds Gg(k ). We now consider the
value of 1 - (2 ) for a number z

2K « 5 ¢ 2Kt2

By Lemma 3 we find because of I=lg=2 4




46—
1- (eG(Z)§1’ if k=0 s Or k:KG-'] ,Ke -

.. 1 .
- 6@z {3ty ) i 1£kEKs-2.
Therefore we have by (83) and (86)

2% (1_%(?5))5: Ds(-”*é%é 7%’)
< Do(3+ {1/ 24)< Z Ds -

Hence, it follows from ( 80 )
0
7
2% (1_3(,,.... ,ﬁ,))g%ZDs
and therefore from (87)

25 (1.3, ... ,F,J)é?%ﬁ S+ ,\>N(Q)

G=1 Wl

1 ZZ A ) IS

h) (e&=1

and hence a foriiori

{1150 %)-J 5 INQ
X : '
+(Zh) {ph, R —Ph,,1 """ R nsh } |5t

because of (88), (89) and Lemma 5. Here the num-—
bers ph y satisfy (#a) and (74b), whereas the
v

numbers p;) , @re defined by (79 ). Now we fimd
24}
from (78 ) immediately



a/_‘

N (@2 352-3N@) -+ {5 E) - IN@

which proves the lemma 1in the special case
that P =P, . Replacing f, by f,- &, , we remark
that this replacement does not inflict the right
hand member of (73), which proves the lemma in
full generality.

4. Proof of Theorem 2. Considering the numbers

n’ A.‘ ’oo.’ A“., M1,000,Mn WhiCh have been
defined in Theorem 2, we ~put

potngh) G
rv-_-Motx(Ll,[zlogva (¥=1,2,0051)

and we remark that

(90) {—%—] +1= [——ﬁ—f’“A”Li = ]+.1 > Ay -

a

We now for ¥= 1,2,...,n choose an integer

M, 21 by the relation



T

(],

which is always possible, by putting M, = ry(Ay-1).
Then we- have by (90)
M, <M, .

W#e now apply the Lemma's 6 and 7, writing there
M, instead of M, . Then we find the inequality

IN*(Q)-NQ (8, -a0,)

{8 33 NQ)
+% B, phmnlS(h)I,

using the notation of the named lemma's. Now
because of M, <M, and (17) the sum %* in
h

N

(91)

(91) clearly - satisfies the inequality

2 = T(Q).NQ)

and therefore (20) follows from (91 ) immediately.

4. Deduction ef Theorem 1.
We choose a constamt C > 4. For each parallelepiped
QeSS , we put

2)\,=BC_1"__ > M, =2\, logan .

»=y




oy [ SR
Then we have M,>M, 4 where M, denotes
the constant which we have defined in Theoremn
2e '

Now applying Theorem 2, we find at once
N < o <l () o}
<+1so) T(Q,C‘)

150 15
(6 _1) + e

9

T

S T(0,0).

As ¢ can be chosen arbitrarilylarge and as

T(Q,C) -0 for a fixed value of ¢, if
R runs through the sequence S, our
assertion (11 ) follows at once.
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